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Exercise 1

Recall that for any f measurable the distribution function of f is defined as df pγq :“
ˇ

ˇ

 

x P Rd| |f pxq| ą γ
(ˇ

ˇ. Prove that if f P Lp
`

Rd
˘

with p P r1,`8q then

}f}LppRdq “

ˆ
ż `8

0
pγp´1df pγq dγ

˙

1
p

. (1)

Exercise 2

Let m ě 0 and f a measurable function such that f ě 0 and f P L1 X L8
`

R3 ˆ R3
˘

.
Define the measurable function h : Rˆ R3 Ñ r0,`8s as

h pt, xq :“

ż

R3

f px´ tv, vq dv. (2)

Show that there is a constant C ą 0 such that

}h pt, ¨q}
L

m`3
3 pR3q

ď C }f}
m

m`3

L8pR3ˆR3q

ˆ
ż

R3

ż

R3

|v|m f px, vq dxdv

˙
3

m`3

. (3)

Exercise 3

Let p P r1,`8q and f P C
`

R`;Lp
`

R3 ˆ R3
˘˘

X L8
`

R` ˆ R3 ˆ R3
˘

a solution to the
Vlasov-Poisson equation

$

’

’

’

&

’

’

’

%

Btf ` v ¨∇xf ` E ¨∇vf “ 0,

E pt, xq :“ ´∇
´

1
|x| ˚ ρt

¯

pxq ,

ρt pxq :“
ş

R3 f pt, x, vq dv,
f p0, x, vq “ f0 px, vq .

(4)

Define H ptq as

H ptq :“

ż

R3

ż

R3

|v|2

2
f pt, x, vq dxdv `

1

2

ż

R3

ż

R3

ρt pxq ρt px
1q

|x´ x1|
dxdx1. (5)

Prove that H ptq “ H p0q.

Hint: Show that BtH ptq “ 0.
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